The groups of similarity and coincidence rotations of an arbitrary lattice G in d-dimensional Euclidean space are considered. It is shown that the group of similarity rotations contains the coincidence rotations as a normal subgroup. Furthermore, the structure of the corresponding factor group is examined. If the dimension d is a prime number, this factor group is an elementary Abelian dgroup. Moreover, if G is a rational lattice, the factor group is trivial (d odd) or an elementary Abelian 2-group (d even).
Introduction
The classification of colour symmetries and that of grain boundaries in crystals and quasicrystals are intimately related with the existence of similar and coincidence sublattices of the underlying lattice of periods or the corresponding translation module. It is thus of interest to understand the corresponding groups of isometries from a more mathematical perspective. An example for the structure of the groups of coincidence rotations and similarity rotations of planar lattices is considered and the factor group of similarity modulo coincidence rotations is calculated. More generally, for lattices in d dimensions, we show that the factor group is the direct sum of cyclic groups of prime power orders that divide d. In the case of rational lattices, which include hypercubic lattices and all root lattices, this means that the factor group is either trivial or an elementary Abelian 2-group, depending on the parity of d.
Coincidence rotations
A lattice in R d is a subgroup of the form
where fb 1 ; . . . ; b d g is a basis of R d . Two lattices G; G 0 in R d are called commensurate if their intersection G \ G 0 has finite index both in G and in G 0 . In this case, we write G $ G 0 . Commensurateness of lattices is an equivalence relation (cf. [1] ). An element R 2 SO ðdÞ is called a coincidence rotation, if G $ RG. We thus define SOC ðGÞ : :
which is a subgroup of SO ðdÞ.
Example 2.1 (The square lattice Z 2 Þ: As shown in Thm. 3.1 of [1] , the coincidence rotations of Z 2 are precisely the special orthogonal matrices with rational entries,
On the other hand, one can identify Z 2 with the Gaussian integers Z½i, where i is the imaginary unit. Then, a rotation RðjÞ with rotation angle j corresponds to a multiplication with the complex number e ij 2 ðQðiÞ \ S 1 Þ ' SOC ðZ 2 Þ; see [5] . Using the fact that Z½i is a unique factorisation domain, each coincidence rotation uniquely factorises as
where e is a unit in Z½i, n p 2 Z with only finitely many of them nonzero, p runs through the rational primes congruent to 1 (mod 4), and p factorises as p ¼ w p w p in Z½i with w p =w p not a unit. This shows that SOC ðZ 2 Þ is a countably generated Abelian group. More precisely,
where C 4 denotes the cyclic group of order 4 (here generated by i) and Z ð@ 0 Þ stands for the direct sum of countably many infinite cyclic groups, which are here generated by the w p =w p with p 1 (mod 4) (cf. [5] ).
Similarity rotations
Let G & R d again be a lattice. Define SOS ðGÞ : : ¼ fR 2 SO ðdÞ j G $ aRG for some a > 0g :
The elements of SOS (G) are called similarity rotations. SOS (G) is a group (cf. [4] ) and contains SOC ðGÞ as a subgroup.
Example 3.1 (Z 2 ). For Z 2 , the group of similarity rotations consists precisely of the set of Z 2 -directions,
We parametrise the Euclidean plane by the complex numbers C, and use SO ð2Þ ' S 1 and Z 2 ¼ Z½i. To show (2), let z 2 Z½i n f0g. Since Z½i is a ring, one has
so that z=jzj 2 SOS ðZ 2 Þ. Conversely, let r 2 SOS ðZ 2 Þ, meaning that r 2 S 1 with lrZ½i $ Z½i for some l > 0. By Remark 4.2 below, there exists a nonzero integer t with tlrZ½i & Z½i. Since 1 2 Z½i, this yields tlr 2 Z½i,
Each nonzero element of SOS ðZ 2 Þ is thus of the form z=jzj with 0 6 ¼ z 2 Z½i. Using unique factorisation in Z½i again, we get
where 0 k < 8 and ' p 2 Z (other restrictions as in (1)). One observes that ð1 þ iÞ= ffiffi ffi 2 p is a primitive 8th root of unity, hence it generates the cyclic group C 8 . Furthermore, one finds
This shows that the generators of SOC
The following more general result was shown in [5] : For all cyclotomic fields Qðx n Þ of class number one (excluding Q), one has SOC ðO n Þ ' C NðnÞ Â Z ð@ 0 Þ ;
where O n ¼ Z½x n is the ring of integers in Qðx n Þ and NðnÞ ¼ lcm ðn; 2Þ. Returning to our example, we find the structure of the factor group to be
where C ð@ 0 Þ 2 stands for the direct sum of countably many cyclic groups of order 2. Hence, the factor group is the direct sum of cyclic groups of order 2, which means that it is an elementary Abelian 2-group. More generally, for arbitrary lattices in Euclidean d-space, we shall see below that the group SOC is a normal subgroup of SOS, whence the factor group always exists.
Factor group
Throughout this section, let G be a lattice in R d , d ! 2. (
This proves (1). In order to show (2), let r 2 R with rG $ G. By Remark 4.2, there exists a nonzero integer k with krG & G. Now, let g 2 G be represented in terms of a basis fg 1 ; . . . ;
On the other hand, krg can be represented as krg
By assumption, G spans R d , so that fg 1 ; . . . ; g d g forms an R-basis of R d . Therefore, one has krc i ¼ a i , yielding r ¼ a i c À1 i k À1 2 Q. Finally, (3) is obtained from (2) where ½ denotes the equivalence classes of R =Q and a is an arbitrary element of scal G ðRÞ. This map is well-defined due to the fact that scal G ðRÞ is non-empty for R 2 SOS ðGÞ and by Since SOC ðGÞ is the kernel of a group homomorphism, it is a normal subgroup of SOS ðGÞ, so that the factor group SOS ðGÞ=SOC ðGÞ can be considered. It is isomorphic to the image of h, which is a subgroup of R =Q and thus Abelian. To examine the structure of the factor group SOS ðGÞ=SOC ðGÞ, we need the following result from the theory of Abelian groups. (1) If a prime number p exists such that x p ¼ 1 for all x 2 G, then G is the direct sum of subgroups of order p. (2) If a positive integer n exists such that x n ¼ 1 for all x 2 G, then G is the direct sum of cyclic groups of prime power orders that divide n. 
Using the group isomorphism hðSOS ðGÞÞ ' SOS ðGÞ=SOC ðGÞ, this shows that the order of each element of SOS ðGÞ=SOC ðGÞ divides d. Theorem 4.5 (2) then implies that the group SOS ðGÞ=SOC ðGÞ is the direct sum of cyclic groups of prime power orders. Consequently, the prime power order of each cyclic group divides d. 
Thus both ½G : rR 2 G and ½R 2 G : rR 2 G are finite. This implies G $ R 2 G, so that R 2 is a coincidence rotation of G. Consequently, ðSOS ðGÞÞ 2 & SOC ðGÞ. This means that every element of the factor group SOS ðGÞ=SOC ðGÞ is of order 1 or 2. Thus, the factor group is an elementary Abelian 2-group by Theorem 4.5 (1) .
If d is odd, set d ¼ 2m þ 1 with m 2 N. Then
yields a 2 Q, because a 2 2 Q. Thus hðRÞ ¼ ½a ¼ ½1 in R =Q for all R 2 SOS ðGÞ, whence SOS ðGÞ=SOC ðGÞ is the trivial group.
Outlook
In view of Penrose tilings and similar models, where the translation module is not a lattice, it is desirable to generalise the above notions of similarity and coincidence rotations from lattices to modules. Some progress has been made in this direction for certain modules over subrings S of the rings of integers of real algebraic number fields. More precisely, similar results [3] to those presented here hold for S-modules of rank d that span R d .
